Abstract. We point out the relations between the classical and the adjunction-theoretic definition of scroll over varieties of dimension four. In particular, we prove that an adjunction-theoretic scroll of dimension greater than or equal to seven, polarized by a very ample line bundle, is also a classical scroll and that a classical scroll is an adjunction-theoretic scroll with a few exceptions.
Introduction
Let X be a smooth connected n-dimensional variety and let L be an ample line bundle on X. In very classical times, the word "scroll", here referred to as a classical scroll, was used to denote a P k -bundle X over a variety Y together with L such that L F O P k (1) for any fiber F ∼ = P k with k = n − dim Y . Recently, this definition of scroll has been replaced by another one more adequate from the adjoint theoretic point of view. In modern terms, we say that a pair (X, L) as above is an adjunction-theoretic scroll over a normal variety Y , if there exists a morphism with connected fibers, p : X → Y , such that K X + (n − dim Y + 1)L p * H for some ample line bundle H on Y . The general fiber F of p is such that (F, L F ) ∼ = (P k , O P k (1)), k = n − dim Y , but the special fibers can vary quite a lot. So, it seems very natural to investigate the relations between the two definitions of scrolls, by asking the following Question. What are the differences between classical and adjunction-theoretic scrolls over varieties of small dimension?
In this paper, we give an answer to this Question for scrolls over varieties Y of dimension four, when the polarization L is a very ample line bundle.
In particular, along one direction, the first two authors of [13] conjectured that an adjunction-theoretic scroll (X, L) over Y , with L an ample line bundle on X, is also a classical scroll over Y if n ≥ 2m − 1, where n = dim X and m = dim Y . Actually, when L is very ample, for n ≥ 2m + 1 this conjecture is a consequence of a result of Ein (see [14, (1.7) ]), for n = 2m it has been considered indirectly in [9] , [27] and [32] , but for n = 2m − 1 it remains hard in general. However, the above conjecture was completely solved in the following settings:
(1) L is merely ample and all fibers are n − m dimensional ( [15] ); (2) L is ample and spanned and m ≤ 2 ( [28] ); (3) L is very ample and m = 3 ( [13] ).
Here we carry on this program by proving that the above conjecture is again true when either L is ample and spanned with m ≤ 3, or L is very ample and m = 4 (see Proposition 2.1 and Theorem 2.2 respectively). More precisely, in the latter case, using slicing techniques and results about contractions of smooth variety of dimension four, we are able to determinate in this situation the special fibers of the scroll morphism, p : X → Y , and to show that these kind of fibers cannot occur.
As to the other direction, in [11] the authors showed that a classical scroll over a smooth manifold Y of dimension ≤ 3 is an adjunction-theoretic scroll with a few exceptions, relying principally on certain results of ampleness of adjoint bundles to an ample vector bundle together with a part of Mori's theory about extremal rays. In the final section, we make some remarks about classical scrolls which are not adjunction-theoretic scrolls, and we show that a similar result as in [11, (3.1) ] can be obtained when Y is a smooth variety of dimension four (see Proposition 3.4) as an immediate consequence of recent classification results about the ampleness of suitable adjoint bundles (see [24] and [4] ). Thus, for scrolls over Y with dim Y ≤ 4, we have complete results along both directions.
Notation and terminology
We work over the complex field C. By variety we mean an irreducible and reduced projective scheme V of dimension n. We denote its structure sheaf by O V . If V is normal, the dualizing sheaf K V is defined to be j * K Reg(V ) , where j : Reg(V ) → V is the inclusion of the smooth points of V and K Reg(V ) is the canonical sheaf of holomorphic n-forms. Note that K V is a line bundle if V is Gorenstein.
(1.1) We fix some more notation. We denote by
• the linear equivalence of line bundles; • c i (E), the i th Chern class of a vector bundle E on V ;
, the Chern polynomial and the total Chern class of a vector bundle E on V of rank r, respectively; • T V , the tangent bundle of V , for V smooth;
• N U |V , the normal bundle of U ⊂ V in V . Line bundles and Cartier divisors are used with little (or no) distinction. Hence we shall freely switch from the multiplicative to the additive notation and vice versa. Sometimes the symbol "·" of intersection of cycles is understood.
(1.2) Through this paper it will be assumed that X is a smooth variety (n-fold) of dimension n ≥ 4.
(1.3) Let X be as in (1.2). A part of Mori's theory of extremal rays is to be used throughout the paper. We will use freely the notation of extremal rays, extremal rational curves and we refer the reader to [19] and [21] .
(1.4) Let X be as in (1.2) and let L be an ample line bundle on X. We say that (X, L) is an adjunction-theoretic scroll (respectively a quadric fibration, respectively a Del Pezzo fibration, respectively a Mukai fibration) over a normal variety Y of dimension m if there exists a surjective morphism with connected fibers p : X → Y and an ample line bundle
is said to be a a ruled Mukai variety of rank r over a smooth variety Y if (X, L) is a Mukai variety and (X, L) ∼ = (P Y (E), O P(E) (1)) for some vector bundle E of rank r over Y . We say that X is a Fano manifold of index i if −K X is ample and i is the largest integer such that −K X iH for some ample line bundle H on X. Finally, we say that (X, L) is a P k -bundle over a smooth variety Y , or a classical scroll, if there exists a surjective morphism p : X → Y such that all fibers F of p are P k and L F ∼ = O P k (1). This is equivalent to say that (X, L) ∼ = (P Y (E), O P(E) (1)), where E = p * L is an ample vector bundle of rank k + 1 on Y . In this case the canonical bundle formula gives
(1.5) Finally, for general results on adjunction theory we refer to [28] and [12] . For some further results on scrolls we refer to [10, (0.6) , (3.1) and §4] and also to [13, §3] .
Adjunction-theoretic scrolls
First of all, let us give here a consequence of well-known results.
Proposition 2.1. Let L be an ample and spanned line bundle on an n-fold X.
Proof. If m = 1, 2, then the result follows from [28, (3. 3)]. So we assume that m = 3. By [13, (3. 2.1)] we know that p : X → Y has no divisorial fibers. Moreover, from [15, (2. 12)] we deduce that p is a P d -bundle with d = n − m unless there exist isolated special
by [6, (4.1) (ii)] we conclude that n − 2 ≤ n 2 , i.e., n ≤ 4, but this gives a contradiction. 2 On the other hand, when the base Y of the scroll projection p : X → Y has dimension four, we can give the following extension of [13, (3.2. 3)]. Proof. For m ≤ 3 the result is shown to be true by Proposition 2.1 (see also [13 
, where l is a line in a general fiber P 3 and p has no divisorial fibers. Let Z := {y ∈ Y | dim p −1 (y) > 3}. By [13, (3.2.5)] we see that Z is finite. Note that p has no fibers of dimension four, since otherwise by [6, (4.1)(ii)] it would follow that 4 ≤ n 2 , i.e., n ≥ 8, but this is absurd. Now, let F be a five dimensional fiber of the scroll projection p :
is a possibly singular or reducible hyperquadric of P 6 . Take a very ample divisor D on Y such that W 6 = p * D is a smooth 6-fold and let H i ∈ |L| be general hyperplane sections for i = 1, 2, 3, such that
Thus by [13, (3.2. 3)] these pairs are actually classical scrolls. Then (W 4 , L W5 |W4 ) is a scroll with at worst fibers of dimension two. Consider the restriction
V H and since Y is normal and the fibers of p V are connected, p V is the morphism associated to
Since V is smooth, from [12, (4.2.14)] and [13, (1.3. 3)] we deduce that p V is the contraction of the extremal face
where "⊥" means the orthogonal complement (see also [19] ). Thus from [20, (8-1-3) and (8-1-4)(i)] it follows that p V is an extremal contraction (or a Fano-Mori contraction). Assume that the two dimensional fiber S is not an isolated fiber of p V . Then S is contained in a one dimensional family E of surfaces f such that p V (f ) is a point and p V (E) is a curve C on Y . Note that each surface f comes from a general fiber F = P 3 of p and since
. Then E is a P 2 -bundle over C and
. Thus from the exact sequence
we obtain that c 2 (N P 2 |X∩H1∩H2 ) = c 2 (T P 2 (−2)) = 1, a contradiction. Thus we can assume that S is an isolated fiber of p V . By [8, (4.11)] we get that (S, L S ) is one of the following pairs:
where S 2 is the (normal) cone defined by contracting the curve of minimal self-intersection C 0 on the Hirzebruch surface
S ≤ 2 and since L F is very ample, we obtain the claim.
Consider now a limit P of general fibers F of p. Since L is very ample and F ∼ = P 3 , we see that P ∼ = P 3 . Then the fiber F must contain at least a linear space P ∼ = P 3 . Since P ⊂ X is a smooth irreducible subvariety of degree one relative to L, from [12, (6.6.1)] we know that |L ⊗ I P | is spanned by global sections on X. So by [12, (1.7.5)] we can take a general hyperplane H 1 containing P ∼ = P 3 and such that X ∩ H 1 is a smooth 6-fold. Take a general hyperplane section H 2 such that P 2 a = P ∩ H 2 and X ∩ H 1 ∩ H 2 is a smooth 5-fold. By arguing as above, we can take an hyperplane H 3 containing P 2 a and such that V = X ∩ H 1 ∩ H 2 ∩ H 3 is a smooth 4-fold with a fiber S = F ∩ V given by either P 2 a in Case (i) or P 2 a P 2 in Case (ii). Consider a line l ⊂ P 2 a and by [12, (6.4. 2)] let ρ = cont R : V → T be the contraction of the extremal ray R = R + [l] onto a normal 4-fold T such that p V = µ • ρ, where µ : T → Y has connected fibers. Let E be the locus of R. Note that ρ(P 2 a ) is a point and so P 2 a ⊂ E. In particular, if ρ(E) = ρ(S), then E ⊆ S. By results of [18] , [8] , [7] (see also [3, (4.1. 3)]), shrinking eventually the morphism ρ, we obtain the following possibilities:
(1) ρ has signature (2, 0) and has signature (3, 1) , E is an irreducible quadric bundle over a curve and S = P 
Since by adjunction we have that
, it follows that Cases (2)(a), (3) and (4)(e) are not possible. This gives that Case (ii) in the Claim does not occur.
Let us work out Cases (1) and (2)(b). Actually, since F ∼ = P 5 and
. Therefore, from the exact sequence
we see that c 2 (N P |X ) = 0, but this gives a contradiction since the normal bundle of P ∼ = P 3 in X is a specialization of the trivial one. Finally, consider Cases (4)(c) and (4)(d). Put c i := c i (N P 2 a |V ) for i = 1, 2. Then, we have the following possibilities:
2 ) in Case (4)(c);
where H is the class of a hyperplane in a linear space. Since P 2 a ⊂ V ⊂ X ∩ H 1 , from the following exact sequence
we deduce that
Then we have that
and this gives
Moreover, since P ⊂ X ∩ H 1 ⊂ X, consider also the following exact sequence
Since N P |X is a specialization of a trivial bundle, then c i (N P |X ) = 0 for i = 1, 2, 3, and in Case (4)(c) we have a numerical contradiction, while in Case (4)(d) we obtain
and c 1 (N P |X∩H1 ) = −H.
Put
Thus we get the system Assume that (X, L) is an adjunction-theoretic scroll over a m-fold Y with 3 ≤ m ≤ 4 and let φ : X → Y be the scroll projection. If X ∈ |L| where L is a very ample line bundle on a smooth (2m − 1)-fold M , and the restriction of L to X is L, then M is a P m−1 -bundle on Y and φ : X → Y either is a P m−2 -bundle on Y or it has some special fibers isomorphic to P m−1 . In particular, φ has no divisorial fibers.
Proof. We have 
Therefore the dimension of any fiber of Φ, and hence of φ, is bounded by m − 1 < 2m − 3 = dim X − 1 and so by [15 
Classical scrolls
Let X be a smooth n-fold with n ≥ 4 and let L be an ample line bundle on
, where E = π * L is an ample vector bundle over Y of rank k + 1. We know that for n ≥ 2m − 1 the polarized pair (X, L) is also an adjunction-theoretic scroll over Y except for a few exceptions (see [11, (2.1)]). As to the case n = 2m − 2, i.e., k = m − 2, we give here the following immediate consequence of [23] , [11, (3.1) ] and [1, Theorem] . Proposition 3.1. Let X be a smooth n-fold and let L be an ample line bundle on X. Assume that (X, L) ∼ = (P(E), O P(E) (1)) is a P n−m -bundle, π : X → Y , over a smooth variety Y of dimension m ≥ 3 with E = π * L. If n = 2m − 2, then (X, L) is an adjunction-theoretic scroll over Y under π unless either:
3 and E is isomorphic to the twist N (2) of a null-correlation bundle N on
, where S is a spinor bundle on Q 4 ⊂ P 5 ; (e) Y ∼ = Q 3 and E ∼ = S(2), where S is a spinor bundle on and
over a smooth curve C with ϕ = α • p. Let ∆, D be the general fibers of ϕ, α respectively. Then either 
In particular, for n ≥ 6 and m = 4, we deduce from Proposition 3.1 the following Corollary 3.2. Let X be a smooth n-fold with n ≥ 6 and let L be an ample line bundle on
is an adjunction-theoretic scroll over Y under π unless either:
⊕4 ; 4. n = 7 and there is a vector bundle V over a smooth curve C such that Y ∼ = P C (V)
and
, where S is a spinor bundle on Q 4 ⊂ P 5 ; 7. n = 6, Y is a Del Pezzo 4-fold with −K Y ∼ = 3H and E ∼ = H ⊕3 ; 8. n = 6 and there is a vector bundle V on a smooth curve C such that Y ∼ = P C (V)
⊕3 for any fiber F ∼ = P 3 of Y → C; 9. n = 6 and there is a surjective morphism f : Y → C onto a smooth curve C such that any general fiber F of f is a smooth hyperquadric Q 3 in P 4 with E F ∼ = O F (1) ⊕3 ; 10. n = 6 and there is a vector bundle V on a smooth surface S such that Y ∼ = P S (V) and E F ∼ = O F (1) ⊕3 for any fiber F ∼ = P 2 of Y → S; 11. n = 6 and there exists a smooth projective 4-fold W and a morphism π : Y → W expressing Y as blow up at a finite set B of points and an ample vector bundle E on 
, where S is a spinor bundle on
there is a vector bundle V on a smooth curve C such that Y ∼ = P C (V) with projection p :
⊕2 for any fiber F ∼ = P 3 of p, where G is an ample vector bundle of rank two on C and ξ V is the tautological line bundle on Y , or (β) there exists an exact sequence 0 → p 
there is a vector bundle V on a smooth surface S such that Y ∼ = P S (V) and
Y is a Fano 4-fold, K X −2L and (X, L) is a ruled Fano 5-fold of index two over Y (see [22] for a detailed description of these pairs); 8. (X, L), (Y, det E) are Mukai fibrations, g : X → C, f : Y → C, over a smooth curve C and g = f • π; moreover, if F g and F f are general fibers of g and f respectively, then one of the following possibilities can occur: (a) F f ∼ = P 3 and F g ∼ = P(N (2)), where N is the null-correlation bundle on P 3 ; (b) F f ∼ = P 3 and either
, where S is the spinor bundle on
(e) F f is a Del Pezzo 3-fold, i.e., −K F f = 2H for an ample line bundle H on F f and
(X, L), (Y, det E) are Del Pezzo fibrations, g : X → S, f : Y → S, over a normal surface S and g = f • π; moreover, if F g and F f are general fibers of g and f respectively, then one of the following cases can occur:
; moreover, in Case (A) the surface S is smooth and f is a P 2 -bundle locally trivial in the complex topology, while in Case (B) we have that
, where ϕ R is the contraction of an extremal ray R such that either (B 1 ) the map ϕ R is the blow-up of the smooth 4-fold Z at a point p and l(R) = 3, where l(R) is the length of the extremal ray R, E = ϕ
, or (B 2 ) l(R) = 2 and, if R is the locus of R and ∆ is a general fiber of the restriction ϕ R|R : R → ϕ R (R), then one of the following possibilities holds:
) and Z is a projective variety with at most isolated rational and Gorenstein singularities;
) and Z is a smooth surface;
(B 2 ; 3) the contraction ϕ R is divisorial and the triplet (R,
is a possibly singular hyperquadric in P 4 ;
(B 2 ; 4) the contraction ϕ R is the blowing-up along a smooth curve ϕ R (R) on the smooth 4-fold Z such that for all fibers ∆ ⊂ R we have that 
, where E is a vector bundle of rank two on Y , D ∼ = P 3 is the exceptional divisor of f and
, or one of the following possibilities can occur:
(
(v) dim B = 1, W and B are smooth projective varieties, ρ is the blow-up of W along B and
similar argument as in [1, (2. 2)] we see that f is a P 2 -bundle locally trivial in the complex topology over a smooth surface S. This leads to Case 9 (A) of the statement. Assume now that F f ∼ = P 1 × P 1 . If l(R) = 3, then ϕ R cannot be of fiber type. Otherwise, by [4, Propositions 1 and 2] we have that Z is a smooth surface and the general fiber of ϕ R is a P 2 . By arguing as in [1, (2. 2)] we deduce that any fiber of ϕ R is a P 2 , but this contradicts that the general fiber of f = h • ϕ R , with h birational, is a P 1 × P 1 . Thus ϕ R is birational and [5, (1.1)] gives that ϕ R is the blow-up of Z at a smooth point p such that E = ϕ −1 R (p) is the exceptional divisor. Since [E] E = O P 3 (−1), we deduce that c 1 (E E ) = det E E = −K Y |E = O P 3 (3), that is, E E ∼ = O P 3 (2) ⊕ O P 3 (1). This gives Case 9 (B 1 ). Finally, if l(R) = 2, by arguing as in [4, Proposition 6] we deduce all the possibilities of Case 9 (B 2 ). This completes Case 9 of the statement.
Let now k = 3. Then (X, L) and (Y, det E) are quadric fibrations over a normal 3-fold V . From the Cone Theorem, we know that there exists an extremal ray, R, subordinate to f , i.e., such that (K Y + det E) · R = 0. Let ρ : Y → Z be the contraction of R. Then f factors through ρ, f = β • ρ. Let R be the locus of R and let δ be a general fiber of the restriction ρ R : R → ρ(R). By the Ionescu-Wiśniewski inequality (see [17, Let us assume that 2 ≤ dim δ ≤ 3. Clearly, f (δ) is a point, v ∈ V . Let p be a point of δ such that p does not belong to any other irreducible component of f −1 (v). By taking a limit of general fibers of f , we can get a curve C contained in f −1 (v) and with p ∈ C. Note that C is a union of rational curves since the general fiber F f of f is a rational curve. Note also that C is numerically equivalent to F f and therefore det E · C = det E · F f = −K Y · F f = 2. Since E is an ample rank-2 vector bundle, it follows that C is irreducible. Therefore C must be contained in δ and hence [C] ∈ R. Then we have also [F f ] ∈ R and this implies that R = Y , but this is a contradiction. Thus only Case (A ) can occur and this leads to Case 10 of the statement.
Finally, let k = 4. Then V is a normal 4-fold and g : X → V is an adjunctiontheoretic scroll. Recall that each fiber F of π is contained in fibers of g since m(K X +2L) is trivial on F . If f is a finite morphism, since both π and g have connected fibers, we get a contradiction unless deg f = 1 which means that f is an isomorphism. Thus in this case (X, L) should be a scroll under π. Therefore we can assume that f is a birational morphism, and since f is given by |m(K Y + det E)|, m >> 0, we see that K Y + det E is nef and big but not ample. Thus we conclude as in [4, Proposition 6] (or [24, (1. 3)]) obtaining Cases 11 (i), 11 (iii), 11 (iv) and 11 (v) of the statement.
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